The ensemble projector Monte Carlo method is a promising method to study lattice gauge theories with fermions in the Hamiltonian formulation.
Schwinger model, models with gauge bosons, Higgs bosons and fermions6 and supersymmetric models.' Unfortunately, it is not possible to extend this method to models with more than one spatial dimension.
The projector Monte Carlo method is a new Hamiltonian Monte Carlo method8
which was applied to lattice models8 and to pure lattice gauge theories in d = 2 + 1 dimensions,g to the Schwinger model with fermionsl' and to the .d = 1 + 1 SU(2) lattice gauge theory. l1 This method is however rather ineffective especially for large lattices due to the large fluctuations of the scores which go into the calculated expectation values. Because of this, this method was improved in several ways: 8, [12] [13] [14] The parallel scores method was shown to give good results for the d = 2 + 1 U(1) gauge theory without fermions. Another generalization is the ensemble projector method,13'14 which was applied to the pure U(1) lattice gauge theory in 2+115 and 3+113 dimensions, to a study of the string tension and of screening in the Schwinger model16 and to the d = 1 + 1 SU(2)-lattice gauge theory with fermions. l7 Here we continue to study and use this method for the Schwinger model in d = 1 + 1 dimensions. the aim of the present paper is, to study the calculation of expectation values with this method in a situation, where matrix elements and scores can have negative signs. This happens in the Schwinger model, if we does not restrict the calculation to lattice configurations periodic in time direction as was done using the local Hamiltonian Monte Carlo method. [3] [4] [5] It was also shown in Ref. 18 , that the presence of intrinsic negative signs in the matrix elements does not prevent the Hamiltonian Monte Carlo calculation.
The same problem will occur again in Hamiltonian lattice gauge theories with fermions in d = 2 + 1 and d = 3 + 1 dimensions, which we did start to study."
In Section 2 we present the ensemble projector Monte Carlo method as applied in this paper, in Section 3 we apply the method to the massive Schwinger model.
In Section 4 we present and discuss the results.
THE ENSEMBLE PROJECTOR MONTE CARLO METHOD
We introduce a lattice Hamiltonian H defined on a discrete spatial lattice, 14, I+>, etc. are lattice eigenstates. The operator exp(-/3H) is a projection operator to the lowest energy eigenstate with given quantum numbers.
Provided that Ix) and 14) are states not orthogonal to the lattice ground state I$) we calculate expectation values of operators as follows:
(1)
To calculate the matrix elements in (1) and (2) one splits /3 in L intercalls Ar p=LAr (3) and furthermore the Hamiltonian into two (one more) parts
This splitting is arbitrary provided it leads to local matrix elements down in expression (6) 
-.that for sufficiently small Ar the terms in Ar2 can be neglected. We obtain for the partition function the expression
where the ik are complete sets of eigenstates. All matrix elements (iiIU,lij) are local. Each of these matrix elements can be represented as a product of the probability Pii and the score Sij
The Pii are positive definite and normalized C Pii = 1 i (8) but otherwise arbitrary, they should be chosen in such a way that the resulting Monte Carlo method converges optimally. In the projector Monte Carlo method, Pij(k) is used as the probability to sample the slate Iii) from a given state Iii)
and Sij(k) gives the weight of the state obtained. The result of one iteration starting from a state 14) is a sequence of states ir, iz,. . . , iz,3+r at different time slices with the weight
' s2L,2L-1 . . . s3,2 . s2,l sign ((ii 14)) .
For a lattice of large spatial and temporal extension, these weights might fluctuate widely, making the projector Monte Carlo method rather ineffective.
-.
In the ensemble projector method these weight fluctuations are suppressed in the following way. We use an ensemble of say M = 1000 lattice states. After each updating of one of these states using the probabilities Pii follows a replication step using the score Sij(k) and some average score S. For
the given state is retained in the ensemble with the probability qij or removed with the probability 1 -qij. For qij = f!, + Gij 2 1, where e, is the integer part of qij, we add kj copies of the state to the ensemble and retain the original state with the probability &j. The average score S is adjusted in such a way, that the number of lattice states in the ensemble remains constant. After equilibrium is reached, the average score will be S = exp (-AT Ee) (11) and can be used to determine the energy E. proj of the ground state. Simultaneously, expectation values of other operators can be measured according to (2).
APPLICATIONS OF THE PROJECTOR MONTE CARLO METHOD TO THE MASSIVE LATTICE SCHWINGER MODEL
The lattice Hamiltonian of the massive Schwinger model is well known5 The Ai and ai are given in Ref. 5 . In Table I we give our splitting of the matrix elements into the probabilities Pij and scores Sij. Using half of all states should be sufficient to calculate the expectation values.
-'In fact, since the sign of each state changes stochastically during the updating, we could as well use only the states with total score of negative sign. In fact we do both, calculating the expectation values of matrix elements separately for the two ensembles of states with total score of positive and negative sign. We expect, that both expectation values should agree. Furthermore, if we calculate the expectation value of the Hamiltonian, both values should agree with the ground state energy determined from the average score according to (11) .
We will see in the next section, that this is really the case in our Monte Carlo calculation. Therefore we are confident, to apply the ensemble projector Monte
Carlo method also to models with more than one spatial dimension where only the subset of states periodic in temporal direction, which could be used in the local Hamiltonian method, would not be representative for the model.
RESULTS AND DISCUSSION
In order to demonstrate the problems of the simple projector Monte Carlo method, without the replication step, we present in Fig. 1 Our calculations are for two values of the gauge coupling constant g = 0.2 and g = 0.57. In Fig. 2 we plot for two different sets of parameters the expectation values for EL, EG and E,p'oj bt o ained from our ensemble of states always after 10 iteration steps Ar in time direction. The measurements start after an initial set of 300 iteration steps. As can be seen, after a total of about 300 iteration steps, the ensemble of states seems to have attained thermal equilibrium. The numbers of states with positive and negative total scores fluctuate during the updating but agree usually to some 5% or better.
In Table II Probabilities and scores 
